We show that the stellar surface brightness profiles in disc galaxies-observed to be approximately exponential-can be explained if radial migration efficiently scrambles the individual stars' angular momenta while conserving the circularity of the orbits and the total mass and angular momentum. In this case, the disc's distribution of specific angular momenta j should be near a maximum entropy state and therefore approximately exponential, dN ∝ exp(−j/ j ) dj. This distribution translates to a surface density profile that is generally not an exponential function of radius: Σ(R) ∝ exp [−R/R e (R)] / (RR e (R)) (1 + d log v c (R)/ d log R) , for a rotation curve v c (R) and R e (R) ≡ j /v c (R). We show that such a profile matches the observed surface brightness profiles of disc-dominated galaxies as well as the empirical exponential profile. Disc galaxies that exhibit population gradients cannot have fully reached a maximum entropy state but appear to be close enough that their surface brightness profiles are well fit by this idealized model.
INTRODUCTION
The observed radial surface brightness (or surface density) profiles of stars in disc galaxies are approximately exponential, Σ (R) ∝ exp(−R/Rexp). This result dates back to work by Patterson (1940) and de Vaucouleurs (1959) but was extended and popularized by Freeman (1970) , and we will use the term "Freeman discs" to describe galaxies of this kind. In some galaxies there are clear systematic deviations from the Freeman disc at large radii (Pohlen et al. 2002; Erwin et al. 2005; Pohlen & Trujillo 2006) ; and at small radii there are commonly more stars than expected in a Freeman disc, an excess usually attributed to a bulge component. Nonetheless, the Freeman disc has proven to be a remarkably good approximation to the stellar profile in a large majority of disc-dominated galaxies.
Attempts have been made to explain these profiles as a reflection of the angular momentum distribution of the gas from which the stars are formed (e. g., Fall & Efstathiou 1980; Dalcanton et al. 1997; Dutton 2009 ). Here we set out to provide a qualitatively different explanation, one that is E-mail: herpich@mpia.de † Member of the International Max Planck Research School for Astronomy and Cosmic Physics at the University of Heidelberg, IMPRS-HD, Germany.
based on the dynamical evolution of the disc rather than the initial conditions, a possibility that has not received much attention in the literature until recently (Lin & Pringle 1987; Yoshii & Sommer-Larsen 1989; Ferguson & Clarke 2001; Elmegreen & Struck 2013 Struck & Elmegreen 2017) . In this paper, we argue on the basis of a simple analytical model that disc surface density profiles are a natural consequence of the equilibrium statistical mechanics of galactic discs.
While the characteristic size of a stellar disc presumably reflects its initial angular momentum, a wide range of work suggests that the present-day profile of the disc is not primarily a reflection of initial conditions. Simulations of the formation of disc galaxies find that the profile of stellar birth radii is quite often far from a Freeman disc (Debattista et al. 2006; Roškar et al. 2008a Roškar et al. , 2012 Minchev et al. 2012; Berrier & Sellwood 2015; Herpich et al. 2015,?) . Nevertheless, simulations of both isolated disc galaxies (Steinmetz & Muller 1995; Roškar et al. 2008a Roškar et al. ,b, 2012 Minchev et al. 2012; Elmegreen & Struck 2013; Berrier & Sellwood 2015; Herpich et al. 2015,?) , and galaxies forming in a cosmological context (Katz 1992; Navarro & White 1994; Sommer-Larsen et al. 1999 , 2003 Governato et al. 2004 Governato et al. , 2007 Robertson et al. 2004; Okamoto et al. 2005; Guedes et al. 2011; Stinson et al. 2013) show that approximate Freeman disc profiles eventually emerge. This evolution arises because stars do not remain on the orbits on which they were born, even in the absence of substantive mergers. Both analytic arguments and numerical experiments show that the angular momenta of individual disc particles are "churned" or "shuffled" by corotating, transient, non-axisymmetric perturbations such as spiral arms (Sellwood 2014, and references therein) . This mechanism preserves the small orbital eccentricities of the initial disc (e. g., Sellwood & Binney 2002; Roškar et al. 2008a Roškar et al. , 2012 , can be very efficient (Sellwood & Binney 2002; Roškar et al. 2012 ) and does not change the total angular momentum of the disc stars appreciably (see Section 2.3.2); it has been dubbed radial migration.
In this paper we explore which radial surface density profiles are the end state of radial migration. We adopt the idealizing, but we believe sensible, approximations that stars are born, and remain, on circular orbits, and that the total angular momentum and mass of the disc are conserved, while radial migration scrambles the individual stellar angular momenta. If the angular momenta are completely scrambled, then their final distribution should have the maximum entropy possible, subject to the just-mentioned constraints.
Applying concepts from statistical mechanics to describe the equilibrium phase-space distribution in a selfgravitating stellar system has proven problematic for a variety of reasons, the most important of which is that the volume of phase space enclosed by a surface of constant energy is not finite (see Binney & Tremaine 2008, Section 7. 3). However, we will argue that the angular momentum distribution resulting from radial migration can be described by maximizing a suitably defined entropy, using methods that are completely analogous to deriving the Boltzmann distribution for ideal gases.
The paper is structured as follows. In Section 2 we describe our model and in Section 3 we derive an analytic expression for the surface density profile corresponding to a given galactic rotation curve. In Section 4 we compare the predictions of this work to data from observations and simulations. Finally, we discuss the results and implications of our model in Section 5. In Appendix B we derive the unique maximum entropy surface density profile in the special case of a disc that has no surrounding dark halo.
AN ANALYTIC MODEL FOR RADIAL PROFILES OF DISC GALAXIES

Choice of phase-space variables
We work in cylindrical coordinates r = (R, ϕ, z) and use action-angle variables (J , θ) = (JR, Jϕ, Jz; θR, θϕ, θz) as phase-space coordinates (Binney & Tremaine 2008) . Actionangle variables are canonical so dθ dJ = dr dp where p is the ordinary Cartesian momentum conjugate to r. Since stars are born on nearly circular, coplanar orbits and migration does not excite eccentricities or inclinations (see §1) we may assume that JR = Jz = 0. The azimuthal action Jϕ is equal to the angular momentum per unit mass along the zaxis, j, and we can restrict ourselves to the two-dimensional manifold in phase space (Jϕ, θϕ). The angle variables θϕ are uniformly distributed so the state of a disc of N stars is fully specified by the angular momenta (j1, . . . , jN ). Since N 1 and the stars interact weakly, the state of the disc is also fully described by the one-particle distribution function F (j), where F (j) dj dθϕ is the number of stars in a phasespace element dj dθϕ.
Since migration is driven by transient spiral arms and other structures much more massive than stars, there is no mass segregation during migration and with no loss of generality we can assume that all stars have the same mass m.
Entropy
The central premise of this paper is that radial migration scrambles the individual angular momenta of disc stars. Ultimately, this will result in a distribution of stars in the Ndimensional space with coordinates (j1, . . . , jN ) that is uniform on the manifold allowed by the conserved quantities (the total number of stars and the total angular momentum; see §2.3). This is simply the ergodic hypothesis that underlies the construction of the microcanonical ensemble in classical statistical mechanics. Then standard arguments show that if N 1 and the interactions are weak, the relative probability Ω associated with the distribution function F (j) is given by
(1) is the Boltzmann entropy, and we have set Boltzmann's constant to unity.
Applying equilibrium statistical mechanics to this problem implicitly assumes that radial migration is efficient enough to completely scramble stellar orbits across the whole radial range of the disc, and does so on a time-scale shorter compared to the age of the galaxy. We caution that this premise cannot be strictly true, since that would produce a stellar disc without abundance or age gradients.
Conserved Quantities
Total number of stars
We assume that the number N of stars in the disc is fixed; thus
In fact ongoing star formation is present in almost all discs that exhibit the spiral structure that drives migration. However, focusing our attention on the distribution of older stars (e.g., by measuring the surface brightness profile at red or infrared wavelengths), we can minimize contamination by recent star formation.
Total angular momentum
We also assume that the total angular momentum J of the disc is fixed, thus
The validity of this assumption may be limited by several processes.
A central bar can exert torques on the dark halo that drain angular momentum from the disc. Such torques can be substantial but are difficult to estimate because the dark halo density near the centre of the galaxy is poorly determined (see Sellwood 2014 for a review). Typically, however, the effects of bar-halo torques are likely to be small since (i) the angular momentum of the bar is much less than that of the disc, because it has only a small fraction of the disc mass and a smaller radius of gyration; (ii) most bars have high pattern speeds (Sellwood 2014) , which suggests that they have not lost much of their original angular momentum. Spiral structure can also transfer angular momentum from the disc to the halo (Mark 1976; Fuchs 2004 ) but for plausible values of the pitch angle and amplitude of the spirals the torques are too small to modify the disc angular momentum significantly. This would be true even if (unrealistically) the strong "grand-design" spiral patterns seen in some galaxies survived unchanged for a Hubble time (Tremaine & Ostriker 1999) .
Galaxy discs continuously build up angular momentum as they grow by accretion. This process violates our assumptions of mass and angular momentum conservation. However, as long as radial migration is effective on a time-scale shorter than that of the total mass and angular momentum change due to late-epoch gas infall, the approximations described here remain sensible.
In §5 we will discuss the validity of these assumptions in more detail.
Energy
The total potential energy of the disc can be written as
here Σ(R) is the surface density of the disc at radius R, Φ h (R) is the gravitational potential due to the dark halo and the kernel W (R, R ) is the gravitational potential between two coplanar rings of unit mass at R and R ; two expressions for this kernel are
where K is a complete elliptic integral and R< and R> are, respectively, the smaller and larger of R and R . The gravitational potential in the disc plane is
and the kinetic energy of the disc is
The surface density is related to the distribution function by
We have chosen not to include a constraint so that the total disc energy is conserved, for two reasons. First, spiral structure requires gas in the disc and hence dissipation; without dissipation, transient spirals heat the disc and quench the formation of further spirals. Thus we do not expect the energy of migrating discs to be conserved. Second, an energy constraint would add an extra free parameter to our models and our intent is to explore the simplest possible models for maximum entropy discs.
Nevertheless, the disc's total energy does play an important role. Maximum entropy discs are a possible end state of migration only if they have lower energy than other discs with the same mass and angular momentum. We show in Appendix A that this is likely to be the case.
The maximum entropy disc
The maximum entropy state consistent with a fixed number of stars N and fixed total angular momentum J is determined by the variational equation:
where α and β are Lagrange multipliers. The solution to this equation is F (j) = exp(−1 − α − βj). Substituting back into equations (2) and (3), it is straightforward to determine α and β and rewrite the distribution function as
The fraction of stars with angular momentum less than j is
Equation (11) or (12) encapsulates a remarkable result: given our assumptions, the maximum entropy distribution of specific angular momentum of a stellar disc is always exponential, independent of the actual gravitational potential that determines the rotation curve. We now translate this distribution into surface density profiles.
APPLICATION TO GALAXY DISCS
To compare the maximum entropy distribution function (11) to observations for a given rotation curve vc(R), we need to relate the surface density Σ(R) to the distribution function F (j). Circular orbits are stable if and only if the angular momentum increases with radius, so vc(R) defines a bijective mapping between j and R through the equation
Moreover rotation curves are generally smooth (Berrier & Sellwood 2015 ) so the mapping is well-behaved. We can then compute the surface density profile from equations (8) and (11),
An alternative form is
with Re(R) ≡ j /vc(R) and M ≡ N m the total mass of the disc. For a flat rotation curve, vc(R) = constant, Re is independent of radius and we have
The surface density is an approximately exponential function of radius for R Re, and is ∝ R −1 for R Re. Alternatively, we may ask for which rotation curve the maximum entropy angular momentum distribution (11) has a Freeman surface density distribution, Σ (R) ∝ exp(−R/Rexp). It is straightforward to show that in this case:
where v∞ ≡ j /Rexp is the circular speed at large radii.
In this analysis we have derived the maximum entropy surface density distribution for a given gravitational potential or rotation curve arising from some combination of the disc and dark halo mass. In Appendix B we describe the special case in which there is no halo so the potential is derived self-consistently from the disc mass. In this case the surface density varies as exp[−(R/R0) 1/2 ] at large radii and as R −1 at small radii. In principle one could calculate self consistently the disc surface density distribution the halo density distribution, and the rotation curve resulting from efficient migration, but this is much more difficult, and the result would depend on the initial state of the disc and halo (see discussion in §5).
VALIDATION OF THE MODEL
Observational tests
We now ask whether observed surface density profiles of disc galaxies match the prediction from equation (11) or (15). To do so we consider the circular velocity curve, or rotation curve, vc(R) and the surface brightness profile I(R) for a set of disc-dominated galaxies. We assume that the stellar massto-light ratio Υ is independent of radius so I(R) ∝ Σ(R), although the actual value of Υ is not needed. This assumption is reasonable if observations at red (optical) bands are available, as population and dust extinction gradients have only modest impact (van der Kruit & Freeman 2011) .
We use a set of 304 disc galaxies with r-band surface brightness profiles and Hα rotation curves from Courteau (1996 Courteau ( , 1997 1 . Courteau (1997) also provides fitting functions 2 and best-fitting parameters for the rotation curves, which we use to derive a smooth approximation to vc(R).
1 The data are available at http://www.cadc-ccda.hia-iha. nrc-cnrc.gc.ca/COURTEAU/. Some galaxies have more than a single data set, in which case we choose the first one. 2 We use Courteau's Model 2, which fits the rotation curve to the form vc(R) = vc(1 + Rt/R) β /(1 + R γ t /R γ ) 1/γ . There are four fitting parameters, vc, rt, γ, and β, but β is set to 0 for most of the galaxies. See the paper for more detail. Figure 1 . The distribution of specific angular momentum stacked for 304 disc galaxies from Courteau (1996 Courteau ( , 1997 . Every distribution has been rescaled using two fit parameters (normalization and j ). The contours enclose 30, 50, 70 and 90% of the plotted data points. The red line is the maximum entropy distribution (equation 11). Despite some small but systematic deviations for small j there is good agreement with the model prediction.
Based on these data, and our assumption of circular orbits, we can calculate F (j) using equations (8) and (13). We then fit log F (j) to the log of the exponential form (11) using a set of 60 equally spaced angular momenta {j k } and assuming equal weights for each point. The free parameters determined by the fit are the normalization and the mean angular momentum j . For the fit we use equal weights for every data point. Fig. 1 shows the stacked specific angular momentum distributions of all the galaxies in our sample, in the normalized coordinates j/ j and 2π j F (j)/N . The red straight line represents the prediction for maximum entropy discs, equation (11). Broadly speaking the angular momentum profiles reconstructed from the data are consistent with the predictions over much of the j-range. Only for j ∼ < j there are some systematic deviations from the prediction; these could arise from contamination by bulge components or because our model assumption of circular orbits breaks down at small radii. Note also that a number of individual galaxies are clearly not consistent with our model, while others show almost perfectly exponential specific angular momentum distributions-this is seen more clearly in Fig. 3 . These results suggest that more factors than radial migration play a role in establishing the angular momentum profile, at least in some galaxies.
For comparison, in Fig. 2 we show the stacked surface brightness profiles from the galaxies in Courteau (1996 Courteau ( , 1997 , rescaled by a fit to the usual Freeman disc, Σ(R) = Σ0 exp(−R/Rexp). The overall agreement, and the scatter, are very similar to that of the fit to the angular momentum distribution in figure 1 . A more quantitative comparison in Fig. 4 
confirms this result.
A different approach is to use the rotation curve from Courteau (1997) to calculate the expected stellar surface density according to equation (14) . This defines a function with two free parameters, j and a normalization constant, which can be fitted to the observed surface brightness data from Courteau (1996) . We use standard χ 2 -minimization with data points weighted by the inverse error in the surface brightness data 3 ; the innermost data point at R = 0 is not included in the fit.
In Fig. 3 we show the fits for fifteen galaxies randomly selected from the full sample. The top panel for each galaxy contains the rotation-curve data (orange points and error bars) along with the Model 2 fit (black line) from Courteau (1997) . The bottom panel shows the corresponding surface brightness data with the best-fit maximum entropy profile, using the same colour scheme. A few of the surface brightness profiles are fitted remarkably well (e.g., UGC 10536), and most of the profiles are fit well in the central regions. However, many of the profiles fall below the maximum entropy fit at large radii, possibly because migration operates slowly at large radii and the disc has not had time to approach a maximum entropy state. For about one in four of the galaxies, both in Fig. 3 and in the full sample of 304 galaxies, the profile in the centre is also not reproduced very well.
We may also compare our model to the Freeman disc profile. We have fit the parameters Σ0 and Rexp for each of the galaxies in the sample, again assuming the same weights (inverse error) per log Σ. In Fig. 4 we show a scatter plot of the respective χ 2 values for the two fits, which each involve two free parameters, a normalization and a scale. The figure shows that on average the maximum entropy model and the Freeman model fit the data about equally well; galaxies that fit one model well tend to fit the other and vice versa although there is significant scatter. The difference is that the Freeman model is empirical while the maximum entropy model is motivated by general properties of the dynamics of disc evolution.
Tests with simulations
Simulations of disc galaxy formation offer a controlled way to test whether galaxy discs evolve towards a maximum entropy state. We use the suite of hydrodynamical N -body simulations of Herpich et al. (2015) for this purpose. These simulations use non-cosmological environments, i. e., they lack cosmological perturbations such as external torques, mergers, fly-bys, etc. Hence they are well suited to testing our predictions, that are based on the internal dynamical evolution of the disc (of course, for the same reasons they are not well suited for exploring whether internal evolution or cosmological perturbations dominate the disc evolution in real galaxies). The simulations are fully self-consistent and produce L galaxies with a range of initial halo spin parameters λ. A characteristic of this particular suite of simulations is that the simulated galaxies with low initial halo spin have discs that are dominated by stars on eccentric orbits and those with high initial spin are dominated by stars on nearly circular orbits . Thus, only the high-spin simulations satisfy our assumption of nearly circular stellar orbits. For further details about the simulations see Herpich et al. (2015) .
For the analysis of the simulations we used the pynbody package (Pontzen et al. 2013) . We calculate the circularvelocity or rotation curve in the simulations by differentiating the gravitational potential Φ(R) (v 2 c = R dΦ/ dR). We also extract the total stellar mass M and the mean specific angular momentum j of each disc from the simulation. With these data it is straightforward to predict the surface density profile of the maximum entropy disc and to compare this to the actual surface density. The results are presented in Fig. 5 . For each galaxy the upper panel shows the circular-velocity curve (red) and the mode of the circularity parameter jz/jz,max(e) (grey)
4 . The corresponding bottom panels show the surface density profile as extracted from the simulations (black points) and our prediction for a maximum entropy model (red line). Note that these predictions have no adjustable parameters, although our procedure guarantees that the total mass and angular momentum of the maximum entropy disc matches those of the simulated disc.
For almost all galaxies the inner part of the surface density profile (inside the half-mass radius) is reproduced nicely by our model. In the outer part of the disc the agreement gets progressively better with increasing values for the halo spin parameter λ; the agreement for the lowest spin galaxy (λ = 0.03) is poor in the outer region, while for the highest spin simulation (λ = 0.1) our prediction follows the actual profile closely over the entire radial range. The lower spin simulations might not represent realistic disc dominated galaxies, as their orbits are far from circular even at large radii . We infer that the maximum entropy model provides a remarkably good match to the surface density profiles of simulated disc galaxies with near-circular orbits (or realistic radial velocity dispersions). 4 The circularity parameter is a measure of an orbit's eccentricity. It compares the angular momentum in z-direction to the maximum value possible for a particle with the same energy in this potential (i. e., a particle on a circular orbit). Thus, it is unity for circular orbits and zero for radial orbits. Â 2 exponential disc log 10 N dof ® = 2.1 1.6 < log 10 N dof < 2.4 (95%) Figure 4 . Scatter plot of χ 2 values for fits to a Freeman disc (vertical axis) and the maximum entropy model (horizontal axis). The dashed line represents the locus of equal χ 2 values for both models. χ 2 values have been computed using the inverse of the error of the surface brightness data as weights for each data points. The average number of degrees of freedom is log 10 N dof = 2.1, and 95% of the galaxies satisfy 1.6 < log 10 N dof < 2.4. The maximum entropy model and the Freeman model fit the data about equally well. However, the χ 2 values are generally much larger than the number of degrees of freedom, mostly because of two properties of the surface brightness profiles of galaxy discs: first, azimuthally averaged profiles often have bumps and wiggles due to spiral structure or other perturbations that are highly significant in a formal sense; second, profiles often show breaks at small and large radii that cannot be captured in the functional forms of either model (see Fig. 3 ). Clearly, the processes that set the disc profiles have aspects that are too complex to be captured by the simple maximum entropy model.
DISCUSSION
The radial profile of maximum entropy discs
Using arguments from equilibrium statistical mechanics we have derived an analytic expression for the stellar surface density profiles of disc galaxies. The profile of these "maximum entropy" discs depends only on the underlying rotation curve and the total stellar mass and angular momentum. The derivation rests on several idealized assumptions:
• the disc is axisymmetric, thin, and cold, in the sense that the stellar orbits are nearly circular and coplanar;
• the total mass and angular momentum of the stars are conserved (i. e., negligible ongoing star formation, mass loss or accretion, exchange of angular momentum with the halo, etc.);
• there is a radial mixing mechanism that is efficient enough to distribute the stars uniformly on the phase space manifold allowed by the conserved quantities.
These are strong assumptions that certainly oversimplify the physics of real disc galaxies. Nevertheless, we have shown in §4.2 that our model correctly predicts the surface density profiles of simulated galaxies, at least for isolated discs that are dominated by stars on nearly circular orbits.
We have compared the surface density distribution in maximum entropy discs to the profiles of 304 disc-dominated galaxies from Courteau (1996 Courteau ( , 1997 . This comparison requires deriving the angular momentum versus radius relation and fitting the model to the total angular momentum and mass of the observed discs. We found that overall our maximum entropy model fits about as well as a Freeman disc (Freeman 1970) , an empirical formula chosen to match the observations that has the same number (2) of free parameters. Only a few of the galaxies were completely incompatible with maximum entropy models; the majority of the galaxies show a qualitatively sensible fit; and a significant fraction of galaxies yield excellent consistency.
We deem this match encouraging, as it suggests that the physics in our extremely simple and restrictive model plays an important role in determining the radial profiles of galaxy discs.
Model limitations
It is worth reviewing the simplifying assumptions and approximations that we made when comparing the model to observations, which we now do. We have assumed that the disc stars are on circular, coplanar orbits, i.e., that the disc is cold and razor-thin. This is a reasonable first approximation: for edge-on disc galaxies the scale height normal to the disc midplane is approximately independent of radius and only ∼ 10% of the scale length Rexp of the Freeman model that characterizes the radial distribution of mass in the disc (Peters et al. 2017 ). The typical radial velocity dispersion σR in galaxy discs at Rexp is estimated to be only 30% of the circular speed vc in external galaxies (van der Kruit & Freeman 2011 ) and the ratio σR/vc is even smaller at larger radii (in the solar neighbourhood the ratio is ∼ 20%).
However, these approximations are less good close to the centre of the galaxy and the comparison of the maximum entropy model with simulations in §4.2 suggests that it breaks down when the assumption of near-circular orbits is not met (see also Fig. 5 ). This is a strong hint that the assumption of circular orbits is necessary.
To explore the effects of relaxing this assumption we may allow the stars to have small but non-zero radial and vertical actions JR and Jz. Since these are adiabatic invariants they should be conserved by the slow interactions with transient spirals that drive migration (provided that the influence of the spirals is localized near corotation and does not extend to the Lindblad resonances, as appears to be the case). This expectation is consistent with N -body simulations that show that the vertical and radial actions are approximately conserved even for stars that migrate (e. g., Sellwood & Binney 2002; Minchev et al. 2012; Solway et al. 2012; Vera-Ciro et al. 2016) . If the radial and vertical actions are conserved, the maximum entropy distribution function is F (j, JR, Jz) ∝ G(JR, Jz) exp(−j/ j ) where G(JR, Jz) is the initial distribution of the disc stars in JR and Jz. A more realistic approximation is to include slow growth in JR and Jz due to scattering by giant molecular clouds and noncorotating spiral arms (Spitzer & Schwarzschild 1951; Julian & Toomre 1966; Carlberg 1987; Fouvry et al. 2015) . Implementing these generalizations would be straightforward but we have not done so in this paper. We also note that the migration efficiency decreases as JR and Jz increase (Sellwood & Binney 2002; Solway et al. 2012; Vera-Ciro et al. 2016) and it is possible, for example, that the disc is close Figure 5 . Comparison of maximum entropy discs to the surface density profiles of a subset of simulated galaxies from Herpich et al. (2015) . For each of the simulated galaxies the upper panel shows the circular-velocity curve (red line, left-hand axis) and the circularity parameter (grey line, right-hand axis), both as a function of galactocentric radius R. The corresponding bottom panels show the stellar surface density profile (black points) and the maximum entropy profile (red line) based on equation (14) . Note that there are no free parameters although in deriving the maximum entropy model we use the known total mass and angular momentum of the disc. The wiggles in the predicted surface density profile are due to irregularities in the rotation curve that are amplified because the maximum entropy surface density depends on the gradient dvc/ dR. The half-mass radius of each simulated galaxy is indicated by a vertical dashed line. The initial halo spin λ of each galaxy is given at the bottom of the top panel; in general discs with larger halo spin have larger circularity parameters outside the half-mass radius and are better fits to the maximum entropy model, which assumes circular orbits.
to a maximum entropy state only for stars on near-circular orbits.
In a strict sense ongoing star formation in discs and infall of halo gas and minor mergers must violate our assumption of total mass and angular momentum conservation. Nonetheless, this approximation may be sensible for our purposes. It is natural to assume that the time-scales for mass (τM = M /Ṁ ) and angular momentum (τJ = J/J) buildup are similar, τM ≈ τJ . Then if the migration time τmig τM,J the disc will always be close to a maximum en-tropy state although the surface density profile of this state will vary on a time-scale τM,J . In a true maximum entropy disc there should be no radial age or metallicity gradients. Consequently, there is some tension between our simple model and observations of metallicity and age gradients in disc galaxies. However, not all disc galaxies have significant gradients and those that do generally show only shallow gradients (Sánchez-Blázquez et al. 2014; Wilkinson et al. 2015; Goddard et al. 2017) , which could persist even if the discs were close to maximum entropy. Moreover the youngest stellar populations are the brightest and therefore tend to dominate observed abundance gradients: only stars with ages much longer than the migration time are expected to have a maximum entropy distribution and indeed the metallicity gradient in the Milky Way appears to be smaller for older stars (Yu et al. 2012) . In general, the maximum entropy disc profile with no gradients can be considered an asymptotic solution, which the discs approach but may not yet have achieved (Schönrich & McMillan 2017) .
There is strong evidence that substantial radial mixing has occurred in the Milky Way. In the Galaxy, there is a mild, but significant radial abundance gradient among the young stars (< 1 Gyr), with only a small dispersion in [Fe/H] at any given radius (Genovali et al. 2014; Ness et al. 2016) . But the dispersion in [Fe/H] at any given radius is much larger for stars having ages of a few Gyr (Ness et al. 2016) , arguing for strong radial migration. Additional evidence for migration is the exceptionally low metallicities of some nearby molecular clouds, and the high metallicity of the Sun compared to the average metallicity of the local interstellar medium (Sellwood & Binney 2002) . Direct evidence for migration is harder to find in other galaxies, although Sánchez-Menguiano et al. (2016) found azimuthal variations in chemical abundances in the Sc galaxy GC 6754 that are consistent with large-scale radial migration along the spiral arms (Di Matteo et al. 2013; Grand et al. 2015; Baba et al. 2016; Grand et al. 2016) .
Our arguments so far assume the existence of a radial mixing process that preserves circular, coplanar orbits (i.e., preserves the radial and vertical actions of the orbits). Radial migration due to transient spirals is an attractive candidate for this process, since it can transport stars radially on time-scales less than the Hubble time and preserves radial actions when the dominant gravitational torques on the stars arise from mass distributions that nearly corotate with them (Sellwood & Binney 2002; Roškar et al. 2012 ). We are not aware of other plausible mechanisms in disc galaxies that can shuffle circular, coplanar orbits effectively.
In general we have computed the distribution of angular momentum or mass in a maximum entropy disc in a given gravitational potential or rotation curve, without asking whether the potential arises from the disc or halo mass distribution, or what determines the halo mass distribution. The only exception is Appendix B, in which we numerically computed the self-consistent surface density profile for an isolated razor-thin disc that is not embedded in a dark halo; however, such a galaxy is not possible in the current standard Λ cold dark matter (ΛCDM) model of cosmology, in which galaxies form from cooling baryons in the potential well of their host halo (e. g., Mo et al. 2010) . In principle both the mass distribution and the rotation curve in maximum entropy discs could be determined following the response of the halo to slow changes in the stellar disc configuration (Blumenthal et al. 1986; Gnedin et al. 2004 ). However, the result would depend on the initial state of the dark halo and the disc and cosmological effects such as gas infall and mergers. Thus, although the angular momentum distribution in a maximum entropy disc must have the simple form (11), the rotation curve and surface density distribution will depend on the initial conditions and the cosmological context.
In low-mass disc galaxies the validity of our model might be impaired by several effects: (i) the assumption of circular and coplanar orbits for the stars is less good in dwarf galaxies, because the turbulent velocities in the interstellar medium are a larger fraction of the circular speed; (ii) transient spirals develop most vigorously in strongly shearing discs; low-luminosity galaxies generally have rising rotation curves, and therefore weaker spiral activity than more massive galaxies (J. Sellwood, private communication); (iii) stellar feedback can alter the gravitational potential and hence the rotation curve by suddenly expelling significant portions of gas on time-scales much less than the migration time (Navarro et al. 1996; Mo & Mao 2004; Read & Gilmore 2005; Mashchenko et al. 2006; Macciò et al. 2012; Pontzen & Governato 2012 ); more massive galaxies have deeper gravitational potential wells and are less susceptible to this process (Di Cintio et al. 2014 ).
CONCLUSION
We have described a simple and natural model for the endstate of radial migration in galaxy discsthat leads to an exponential distribution of angular momentum. Given the rotation curve, this model provides a straightforward prediction of the expected surface brightness profile, which fits observed and simulated galaxy discs about as well as the well-established empirical Freeman model (exponential surface brightness).
Our model is based on the simple ansatz that the angular momenta of disc stars are completely shuffled on timescales shorter compared to the galaxy age, so the disc entropy is maximized subject to idealized but physically wellmotivated constraints. The derivation is analogous to that of the Boltzmann distribution for ideal gases.
Our model stands in a stark contrast to many previous analytical attempts to explain the profiles of galaxy discs, which assume that they are either a consequence of the initial conditions (e. g., Fall & Efstathiou 1980; Dalcanton et al. 1997; Dutton 2009 ), viscous evolution of a gas disc (e. g., Lin & Pringle 1987; Yoshii & Sommer-Larsen 1989) , scattering by interstellar clouds (Elmegreen & Struck 2013 Struck & Elmegreen 2017) or a combination of these processes (Ferguson & Clarke 2001) . The assumption of strong migration is consistent with the relatively weak age and metallicity gradients seen in galaxy discs. Of course, discs with even weak population gradients cannot be actually in a maximum entropy state: the scrambling due to migration cannot be complete, but the migration appears to be efficient enough that their surface brightness profiles are fit fairly well by this model. where F (j, t) is the time-dependent distribution function and D1 and D2 0 are diffusion coefficients that parametrize the migration rate. Since migration is due to transient spirals or other mass concentrations that are much more massive than the stars, the diffusion coefficients satisfy a fluctuation-dissipation theorem (Binney & Tremaine 2008 
so the Fokker-Planck equation simplifies to a diffusion equation of the form
This evolution equation conserves the total number of stars if there is no mass current through the origin or at infinity, D2(∂F/∂j) = 0 as r → 0 and r → ∞. The rate of change of total angular momentum iṡ
where in the last equation we have assumed that there is no angular momentum current through the origin or infinity. Similarly, the rate of change of entropy iṡ
which is non-negative, as required. If for simplicity we assume that the disc potential Φ(R) is fixed, the rate of change of energy iṡ E = 2π dj Φ(R) ∂F ∂t = −π dj D2 ∂F ∂j dΦ dR dR dj .
Let w(j, t) = D2(∂F/∂j) and s(j) = (dΦ/ dR)(dR/ dj). Since angular momentum is conserved we then havė J = 0 = dj w(j),Ė = −π dj w(j)s(j).
If the distribution function is peaked at some intermediate j, then w(j) is positive at small j and negative at large j, since the diffusion coefficient D2 0. For typical galaxy rotation curves the factor s(j) is positive, but decreases with increasing j-s(j) ∝ j 0 , j −1 , and j −3 for linearly rising, flat, and Keplerian rotation curves respectively. Consequently, the integral forĖ is dominated by small j, where w(j) > 0, soĖ < 0. We conclude that in galaxy discs that do not have pathological rotation curves migration leads to higher entropy and lower energy states.
APPENDIX B: SELF-CONSISTENT MAXIMUM ENTROPY DISCS
We consider the simple case of a self-gravitating or selfconsistent maximum entropy disc, in which there is no darkmatter halo, no spheroidal stellar component (bulge), and no significant gas mass. In this case the disc surface density and circular speed are related by equations (5), (6), (9), (13), and (14), with halo potential Φ h (R) = 0. We have solved these equations numerically for the surface density profile as shown in Fig. B1 .
At large radii, the angular momentum is given by j 2 = GM r. Then equation (14) implies that the surface density at large radii is Σ(R) = Σ0R 
At small radii, where j j , the density of stars in angular momentum space, 2πF (j), is approximately constant. In razor-thin self-gravitating discs in centrifugal equilibrium, this angular momentum density distribution is present in two distinct surface density distributions (Mestel 1963) : (i) cored discs, in which the surface density Σ(R) ∼ constant near the origin and the angular speed Ω = j/R 2 is also constant; (ii) Mestel-type discs, in which Σ(R) ∼ R −1 and the circular speed vc = j/R is constant. Our numerical solutions only produce Mestel-type discs. In such discs the surface density and circular speed at small radii are related by Σ(R) = v 2 c /(2πGR) so the number of stars per unit angular momentum is 2πRΣ(R)/(mvc) = vc/(Gm), which is to be compared to N/ j from equation (11) 
with an rms fractional error of 0.4% between x = ln(0.001) and ln(20). Figure B1 . Surface density profile of a self-gravitating maximum entropy disc. The surface density and radius are plotted in units of Σ 0 and R 0 as defined in equation (B2); the radius scale is linear for the blue curve (bottom horizontal axis) and logarithmic for the red curve (top axis). A fitting function for the surface density is given in equations (B4) and (B5).
